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GRAPH LAPLACIANS DO NOT GENERATE STRONGLY
CONTINUOUS SEMIGROUPS
T. KALMES, C. SCHUMACHER
Abstract. We show that for graph Laplacians ∆G on a connected locally
finite simplicial undirected graph G with countable infinite vertex set V none
of the operators α Id+β∆G, α, β ∈ K, β 6= 0, generate a strongly continuous
semigroup on KV when the latter is equipped with the product topology.
1. Introduction
Let G = (V,E) be a connected locally finite simplicial undirected graph with
a countably infinite vertex set V and the set of edges E ⊆ V × V . Two vertices
v, w ∈ V of G are adjacent, v ∼ w, if (v, w) ∈ E, i. e. (v, w) is an edge of G.
Recall that a graph is locally finite if for every vertex v of G the number deg(v)
of adjacent vertices is finite and that G is connected if for any pair of different
vertices v, w ∈ V there is a path connecting v and w, i.e. a finite number of edges
(v0, v1), . . . , (vn−1, vn) of G with v ∈ {v0, vn} and w ∈ {v0, vn}. The length of a
path is the number of its edges. The graph G is simplicial if it does have no multiple
edges, which we excluded implicitly by E ⊆ V × V , and no loops loops, i. e. (v, v)
is not an edge of G for any vertex v. Finally, G is undirected if (w, v) is an edge
of G whenever (v, w) is an edge of G.
A Laplacian on G is a linear operator acting on the real valued functions on V ,
∆G : K
V → KV , defined by
∀ v ∈ V : ∆G f(v) =
∑
v∼w
γv,w(f(v)− f(w))
with positive weights γv,w > 0. Common choices are γv,w = 1 or γv,w = 1/ deg(v).
If we equip KV with the product topology it is clear that KV is a locally convex
vector space on which ∆G is a continuous linear mapping. ∆G has been investigated
e.g. in [1], [2], and [4].
The definitions and most basic results for semigroups on locally convex spaces X
are the same as for Banach spaces, we refer to [5], [6], [7], [8]. A strongly continuous
semigroup T on X is thus a morphism from the semigroup ([0,∞),+) to that of
continuous linear operators (L(X), ◦) such that all orbits t 7→ Tt(x), x ∈ X , are
continuous.
Although under rather weak assumptions on X many results from the Banach
space setting carry over to strongly continuous semigroups of locally convex spaces
there are some crucial differences, e. g. in general not every continuous linear oper-
ator on X is the generator of a strongly continuous semigroup on X .
The purpose of this short note is to proof the following theorem. For the defini-
tion of a quasiadjacency matrix with respect to G see section 2.
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Theorem 1. For every λ ∈ K and each quasiadjacency matrix B with respect
to G the continuous linear operator λ Id−B does not generate a strongly contin-
uous semigroup on ω. In particular α Id+β∆G is not the generator of a strongly
continuous semigroup on KV for any α, β ∈ K, β 6= 0.
2. Proof of Theorem 1
Enumeration of the vertices V = {vk; k ∈ N} of G with vk 6= vj for j 6= k ∈ N
gives an isomorphism of KV onto KN. In order to keep notation simple, for a linear
mapping A : KV → KV we denote by A also the linear operator on KN induced by
the isomporphism between KV and KN.
We equip KN with its usual Fre´chet space topology, i. e. the locally convex topol-
ogy defined by the increasing fundamental system of seminorms (pk)k∈N given by
∀ f = (fj)j∈N ∈ K
N : pk(f) =
k∑
j=1
|fj|.
As usual, we denote this Fre´chet space by ω. ω is the projective limit of the projec-
tive spectrum of Banach spaces (Kn)n∈N with surjective linking maps pi
n
m : K
m →
K
n, pinm(x1, . . . , xm) = (x1, . . . , xn),m ≥ n, thus ω is a quojection. Moreover, let
pim : K
N → Km, pim((xn)n∈N) = (x1, . . . , xm).
Using that G is connected and locally finite, a straightforward calculation shows
that A : ω → ω is continuous if and only if the inducing A : KV → KV has finite
hopping range, i. e. if for every v ∈ V there is n ∈ N such that
∀ f, g ∈ KV : f|Un(v) = g|Un(v) =⇒ A(f)(v) = A(g)(v),
where Un(v) is the n-neighbourhood of v, i. e. Un(v) is the union of {v} with the
set of all endpoints of paths in G starting in v and of length not exceeding n.
Obviously, ∆G has finite hopping range and is thus is a continuous linear mapping
on ω.
Finally, we call a matrix B = (bk,l) ∈ K
N×N quasiadjacency matrix with respect
to G if there is α ∈ K such that α bk,l ≥ 0 for all k, l and bk,l 6= 0 precisely when
vk and vl are adjacent. Obviously, ∆G = Id−B for some quasiadjacency matrix B
with respect to G. Moreover, for each quasiadjacency matrix B with respect to G
and for every λ ∈ K the linear operator λ Id−B has finite hopping range and is
thus continuous on ω.
Since ω is a quojection, according to [3, Theorem 2] λ Id−B generates a strongly
continuous semigroup if and only if
(1) ∀n ∈ N ∃m ∈ N ∀ k ∈ N0, x ∈ ω :
(
pim(x) = 0⇒ pin((λ Id−B)
kx) = 0
)
.
Denoting the unit vectors by el = (δk,l)k∈N we have for l ≥ 2 and k ∈ N
pi1
(
(λ Id−B)kel
)
=
k∑
j=1
(
k
j
)
(−1)jλk−jpi1(B
jel).
Since B is a quasiadjacency matrix with respect to G it follows that pi1(B
jel) does
not vanish precisely when there is a path of length j in G connecting v1 and vl.
Now fix m and l > m so that pim(el) = 0. Moreover, set
k := min{length j of a path connecting e1 and el}.
Since G is connected, k ∈ N and
pi1
(
(λ Id−B)kel
)
=
k∑
j=1
(
k
j
)
(−1)jλk−jpi1(B
jel) = (−1)
kpi1(B
kel) 6= 0.
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Since m is arbitrary, (1) is not fulfilled for n = 1 proving the theorem. 
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